Dan Reznik found, by computer experimentation, a number of conserved quantities associated with periodic billiard trajectories in ellipses. We prove some of his observations using a non-standard generating function for the billiard ball map. In this way, we also obtain some identities valid for all smooth convex billiard tables.
Introduction
In this note we present an alternative approach to remarkable conservation laws for families of billiard polygons in ellipses. They were discovered by Dan Reznik [1] in his computer experiments and proved in [2] . Here we discuss a different method of proofs based on a non-standard generating function for convex billiards discovered in [3, 4] . This approach gives some identities valid for the billiard inside any smooth convex curve, see Theorem 2.2. We hope that this approach will be useful in the study of other problems on billiards.
Non-standard generating function and billiard polygons in convex billiards
Consider the space of oriented lines in the plane R 2 (x 1 , x 2 ). A line can be written as
where ϕ is the direction of the right normal to the oriented line. Thus (p, ϕ) are coordinates in the space of oriented lines, see Figure 1 . The 2-form ω = dp ∧ dϕ is the area (symplectic) form on the space of oriented lines used in geometrical optics and integral geometry. Consider a smooth strictly convex billiard curve γ, and let h(ϕ) be its support function, that is, the signed distance from the origin to the tangent line to γ at the point where the outer normal has direction ϕ.
The billiard transformation
sends the incoming trajectory to the outgoing one. Let
where ψ is the direction of the outer normal at the reflection point and δ is the reflection angle.
Proposition 2.1. The function
is a generating function of the billiard transformation, that is, Proof. We refer to Figure 2 . One has
The position vector of the point of the curve γ with the outer normal having direction ψ is
(this formula is well known in convex geometry). Then, using some trigonometry, Let M i , i = 1, .., n, M n+1 = M 1 be a billiard n-gon in γ. Denote by ψ i the direction of the outer normal to γ at point M i and by δ i the reflection angle at M i . Let L be the perimeter of the n-gon. Theorem 2.2. Then the following formulas hold:
Proof. 1. We use the approach of [5] .
The sum in (1) computes the action of the periodic orbit, that is, the sum of the values of the generating function over the orbit. We claim that this sum equals L, the action of the periodic orbit with the standard generating function L, the length of a segment of a billiard trajectory (see, e.g., [6] ).
Indeed, consider the 1-forms λ 1 = pdϕ and λ 2 = (cos δ)ds (where s is the arc length parameter on γ), which are both primitives of the symplectic form ω invariant under the billiard transformation T .
Furthermore, λ 1 and λ 2 are cohomologous on the phase cylinder. This can be verified by integrating both forms along the boundary of the phase cylinder: both integrals are equal to the arc length of γ. Thus λ 2 − λ 1 = dF for some function F . Let α = λ 2 − λ 1 .
One has
The constant in the right hand side is zero since both L and S vanish on the boundary. It remains to note that the sums of F and of F • T over a periodic orbit are equal.
2. Let the edges of a billiard polygon have coordinates (p i , ϕ i ), and let
Then
Summing up these equations for i = 1, 2, . . . , n gives the second statement.
Specializing to ellipses
Let γ be the ellipse { Proof. Consider point (ξ 1 , ξ 2 ) of the ellipse. A normal vector is given by
= (cos ψ, sin ψ), and the tangent line at this point has the equation
The distance from the origin to this line is
On the other hand, ξ 1 = a 2 1 cos ψ, ξ 2 = a 2 2 sin ψ, and the equation of the ellipse implies that
Therefore h(ψ) = 1/ = a 2 1 cos 2 ψ + a 2 2 sin 2 ψ, as claimed.
The billiard in ellipse is integrable, and the conserved quantity, called the Joachimsthal integral, is, in the above notation, |N | sin δ (see [6] or [2] ). This can be written as
This means that, along an invariant curve of the billiard, the quantities h and sin δ are proportional.
Recall that periodic billiard orbits in ellipses come in 1-parameter families (Poncelet Porism). Let α i = π − 2δ i be the angles of a periodic billiard polygon. The next statements are corollaries of Theorem 2.2. cos α i = J · L − n.
One also has
Using the formula for the support function, one has n i=1 cos 2ψ i = L J − n(a 2 1 + a 2 2 ) /(a 2 1 − a 2 2 ).
The second claim of the Theorem 2.2 implies that n i=1 sin 2ψ i = 0.
Finally, consider a periodic billiard trajectory in an ellipse. The tangent lines at the impact points form a new polygon whose angles are denoted by β i , see Figure 3 . Proof. Note that
In the 1-parameter family of billiard n-gons circumscribing a confocal ellipse, the reflection angle δ is a function of the normal direction ψ. Let us parameterize the family of n-gons by ψ 1 =: ψ.
Differentiating the relation
On the other hand, substituting Jh = sin δ, Jh = cos δ · δ in equation (1), we arrive at the identity
Multiplying these equations implies
for not necessarily consecutive i and j. Next we compute the derivative using (2)
Now we are ready to compute the derivative of the product:
It remains to notice that the sum in the parentheses equals zero:
(cos 2δ i − cos 2δ i+1 ) = 0.
This completes the proof.
Unlike Theorem 2.2, we do not know the value of the constant in Theorem 3.3.
